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Options

A contract which gives the owner the right, but not the obligation, to
buy a stock at a price K at a future time T
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Pay-off

O(ST) = (ST - K)*
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Stock price

dst = rStdt + VtStth 50 >0
dVe = k(0 — Vi)dt + n\/VedB: Vo >0

Motivation Splitting



Stock price

dst = rStdt + VtStth 50 >0
dVe = k(0 — Vi)dt + n\/VedB: Vo >0
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Pricing

Price of a derivative with pay-off ®(S7)

u(t,S) = E[®(57)[S]

Motivation Splitting



Pricing

Price of a derivative with pay-off ®(S7)

u(t,S) = E[®(57)[S]

au U i
ot T ax,axj Zb o =0

u(T,x)=d(x)
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Pricing

Price of a derivative with pay-off ®(S57)

u(t) =E [e*f<T*f>¢(5T)|st]

9 . i' i
a_:_z Jax,axj Z:b_“”_

u(0,x) = d(x)

Motivation



Deep Galerkin Method
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Deep Galerkin Method

Minimize

ou noo ,

- — U I_ _

TP ax,axj Zb |+ (0,0 - @0l
=0 =0 [0, T]xQ
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Deep Galerkin Method

Minimize

ou noo ,

- — U i _

ot ..Z ax,axj Zb—+m +[1u(0.x) = ©(x)]lg
=0 i=0 [0, T]xQ

Issue: Taking second derivative makes training in high dimensions slow
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Idea

Rewrite PDE as energy minimization problem
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Idea

Rewrite PDE as energy minimization problem

® Only first order derivative

® No norm

Motivation




Idea

Rewrite PDE as energy minimization problem

® Only first order derivative

® No norm

Split in symmetric and non-symmetric part

Motivation Splittin



Splitting method

ou - ;
EZZ 8x,8xj Zb__ru

i,j=0 i=0
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Splitting method

ou
ot 8x,8xj ,Ez: 3_x, -

0 dal ou
- £ B_XJ< 8x,> Zaxjﬁx,
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Splitting method
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Splitting method

0 [ ;0u [(~0al ;) Ou
— I N/ E i R _p | 22
i,j=0 =

=V - (AVu) — ru — F(u)
F(u)=b-Vu

Splitting method



Example: Heston model

d5t = rStdt+ \ VtStth 50 >0
th = K(e — Vt)dt + nv thBt Vo >0

Splitting method



Example: Heston model

d5t = rStdt+ \ VtStth 50 >0
th = K,(e — Vt)dt + nv thBt VO >0
Ou  _Ou 0, 0%u 1 5, 0%u 0%u
B r585+/<c(0 V)8V 25 V@-l- n V8VQ+anV858V ru
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Example: Heston model

u 1 0%u 0%u
2 — —
av 2 Vasz ol V0v2+p”5‘/asav ru

ou ou ou 1

Motivation Splitting method G c e Numerics



Example: Heston model

8u_ ou ou 1_, u 1 2 9%y 92u
52 =g H (0= V)So oSV VSV s —
B 8u (9u a 2 au a
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Example: Heston model

Ou  _Ou u 1, 0u 1 n? Ou Ou
3t =55 T H0 =gy a5V ig 01 Gyt gy
B au (9u a 2 au a
=rSgg Thl0 - V)av+as< > 85) Vs
o (1, du 1 20u o (1 ou 1 ou
+av< Vav) a\/+£( g Sva_V> —2"ov

0 (1 Oou 1 ou
+8V( anV@S) 2pn5£—ru

_ S2V  pnSV
—V-( [anV 77V]Vu)—ru
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K(V —0)+imV + 107 “
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Time Deep Gradient Flow

ug—V-(AVu)+ru+ F(u)y=0 (t,x)€[0,T] xQ
u(0,x) = ®(x) xeQ
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Time Deep Gradient Flow

ug—V-(AVu)+ru+ F(u)y=0 (t,x)€[0,T] xQ
u(0,x) = ®(x) xeQ

® Divide [0, T] in intervals (tx_1, tx] with h = tx — tx_1
Uk _ Uk—l
h

V. (AVU") F UK F (Uk—l) —0
U =oe




Time Deep Gradient Flow

ug—V-(AVu)+ru+ F(u)y=0 (t,x)€[0,T] xQ
u(0,x) = ®(x) xeQ

® Divide [0, T] in intervals (tx_1, tx] with h = tx — tx_1
Uk — Ukt K k k-1
T—V-(AVU)JHU +F<U )_o

V=9
Theorem (Akrivis and Crouzeix 2004)

There exists a constant C independent of h and k such that

k
— <
Jmax [|u(t) - U¥|| < ch
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Time Deep Gradient Flow

Uk _ Uk—l

-V (Avuk) UK+ F(UYY =0
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Time Deep Gradient Flow

Uk _ Uk—l

-V (Avuk) UK+ F(UYY =0

1%(u) = % Hu - Uk_1H2 + h/Q% ((Vu)TAVu-I- ru2) +F (Uk_l) udx

Numerics



Time Deep Gradient Flow

Uk _ Uk—l

-V (Avuk) UK+ F(UYY =0

1%(u) = % Hu - Uk_le + h/ﬂ% ((Vu)TAVu-I- ru2) +F (Uk_l) udx

Theorem

The minimizer w, € ’Hé (Rd) of 1% is the unique solution U¥.




Time Deep Gradient Flow

Theorem

The minimizer wy, € H§ (RY) of I* is the unique solution U.

Proof.




Time Deep Gradient Flow

Theorem

The minimizer wy, € H§ (RY) of I* is the unique solution U.

Proof.

i (1) = 1" (wy +7Vv)

Splitting



Time Deep Gradient Flow

Theorem

The minimizer wy, € H§ (RY) of I* is the unique solution U.
Proof.
i (1) = 1" (wy +7Vv)

Since w, minimizes /%, 7 = 0 minimizes iX.

Convergence



Time Deep Gradient Flow

Theorem

The minimizer wy, € H§ (R?) of I* is the unique solution U*.
Proof.
(1) = 1" (we + 7V)

Since w, minimizes /X, 7 = 0 minimizes iX.

/Rd ((w - Uk—l) +h (—v (AVw,) + rw, + F (Uk—l))> vex.

Ol
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Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ¢ : R — R such that
P € C° (RY) and [gq 1 (x)dx # 0.

Numerics



Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ¢ : R — R such that
P € C° (RY) and [gq 1 (x)dx # 0.

Definition (Neural network)

C"(d}):{ () RT > R:((x ZBI¢(QX+CI)},

i=1

¢ (Q/}) = UnZlcn (¢)

Convergence Numerics
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Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ¢ : R — R such that
P € C° (RY) and [gq 1 (x)dx # 0.

Definition (Neural network)

c"(w):{ (x):RY = R:((x Zﬁ,w(ax+c,)},

i=1

¢ (l/)) = UnZlcn (¢)

Theorem
C(v) is dense in H (R?).

Motivation Splitting method Convergence Numerics



Convergence of the minimizer

Theorem
Let wy, be a sequence in H (R?) and w, the minimizer of I*.
lim ||Wm—W*||Hé =0 <= lim 1% (wp) = 1¥ (w,)

i
m—0o0 m—00

1% (u) = % Hu - Uk_1H2 + h/Rd % ((VU)TAVu+ ru2> +F (Uk_1> udx
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Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

mI|mOo |Wm — W*HHé =0 <= mllnoO 1% (Wm) = 1% (wy)
2 1
k k—1 1 T 2 k—1
1" (u) = H -U H +h/Rd2<(Vu) AVu+ru>+F(U )udx
=: L (u) + G* (u),
1 h
L) = = ||l + —/ (Vu)"T AVu + rPdx,
2 2 Rd

g~ (u)=— <u, Uk71> + % HUkile + h/Rd F (Ukil) udx
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Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

im [|wm = wiflzp =0 <= lim 1% (Wm) = 1% (wy)

m—>00




Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

5 - k k
m|E;noo |Wm — W*||Hé =0 <<= mllnool (Wm) = 1" (wy)

Proof.

— [k is continuous.

Convergence Numerics



Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

5 - k k
m|E;noo |Wm — W*||Hé =0 <<= mllnool (Wm) = 1" (wy)

Proof.

— [k is continuous.
<— Wm — Wk.

Convergence Numerics



Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

5 - k k
m|E;noo |Wm — W*||Hé =0 <<= mllnool (Wm) = 1" (wy)

Proof.

— [k is continuous.
= Wy — Wi So G [wm] = G [wy].

Motivation itting me Convergence Numerics



Convergence of the minimizer

Theorem
Let wy, be a sequence in H (R?) and w, the minimizer of I*.

,JLmOOHWm_W*HH(g =0 nji;nm/k(wm):/k(w*)

Proof.
— [k is continuous.
= Wy — Wi So G [wm] = G [wy].
Since 1K (W) — 1K (wy), LK (W) — LK (wy).

Motivation Splitting method g > Numerics



Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

,JL’“OOHWm_W*HHé =0 nji;nm/k(wm):/k(w*)

Proof.

— [ is continuous.
= Wy — Wi S0 G" [Wp] — G" [wa].
Since 1K (W) — 1K (wy), LK (W) — LK (wy).

VAV (Wi — w,.)

2
LB | Wy — wi||* + B — 0.

Motivation Splitting method

Convergence Numerics



Convergence of the minimizer

Theorem
Let wy, be a sequence in H (R?) and w, the minimizer of I*.

,Ji“oo||wm_w*||?{é =0 nji;nm/k(wm):/k(w*)

Proof.
— [k is continuous.
= Wy — Wi So G [wm] = G [wy].
Since 1K (W) — 1K (wy), LK (W) — LK (wy).

2
L | Wy — wie||* + B {IVAV (Wi — ws)|| — 0.

| Wm — W*HH%J — 0.

Motivation Splitting method Convergence Numerics



Intermezzo: Gradient Descent
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Intermezzo: Gradient Descent

- 1:40/km

300m
3:20/km
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Intermezzo: Gradient Descent
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Intermezzo: Gradient Descent

Zoeken in Google Maps
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Intermezzo: Gradient Descent

Motivation S >d c e Numerics



Intermezzo: Gradient Descent

Onew = 0 —nVf(0)

Numerics



Convergence when training

Neural network:
N
VtN <0N;x) =vN (9?’;x> = N_525i7,b (aix + ci) ,
i=1

oN — (Bi,ai’ Ci)N

1
i:1'§<6<1'

Splittir ethoc Convergence



Convergence when training

Neural network:
N
VtN <0N;x) =vN <9£V;x) = N_526i¢ (aix + ci) ,
i=1

oN — (Bi,ai’ Ci)N

1
i:1'§<6<1'

N— t—
|ZA i ol VAR s SV

Convergence



Gradient Descent

N
VN (0M:x) = NS B (alx + ),
i=1
oN = (ﬂ",a",c")?'zl, I<s<l.

Convergence Numerics



Gradient Descent

N
VN (HN;X> _ Nfézﬁiw (aix+ Ci) ,
i=1

oN = (ﬂi,ai,ci)?lzl, % <6< 1. ny=N?"1

% — Vel (v"’ (9,’_}’;x)>

Splitting method Convergence



Gradient Descent

N
v (HN;X> =N7° Zﬁ% (a'x +c'),
i=1

ON = (ﬁ",a",c")?lzl, % <0 <1 py= NP1

% — Vel (v"’ (9,’_)’;><)>

N N
L(X) =VyVvN (9?’;)() . %

N A (ep’;x) - Vylk (V’V (eﬁ’;x)>

dt




Wide network limit

% IR (6?’;x> V¥ (\/N (9{";x>>

Motivation S >d Convergence Numerics



Wide network limit

ALC (00 x) - Tt (VM (0% x))

dt
- <le (v{") L2 (x, ')>H1

0

N
Z (%) =N Y VpacBit (apx+ c) - Vaachiv (aty + )
i=1

Convergence



Wide network limit

ALC (00 x) - Tt (VM (0% x))

dt
=— <D/k (VtN> 28 (x ')>H1

%ISX) _ <le (Ve), Z (x, ')>7-Lé

N
Z (%) =NT'Y_VpacBi (apx+ ¢) - Vaachiv (aty + )
i=1

Z(x,y) =E [Vga,cB5% (a5x + &) - VaacBo¥ (agy + )]

Splitting method Convergence Numerics



Wide network limit

WECD (o (vi). 2 ),
el __ (P (). 2(x0),,

N
ZV (x,y) =N Y VgaeBit (b x + ) - Vg aeBiv (aly + i)
i=1

Z(x,y) =E [V ,a,c86¢ (agx + G3) - Va,cBo¢ (agy + )]

Convergence



Wide network limit

WECD (o (vi). 2 ),
el __ (P (). 2(x0),,

N
ZV (x,y) =N Y VgaeBit (b x + ) - Vg aeBiv (aly + i)
=1
Z(x,y) =E [V ,a,c86¢ (agx + G3) - Va,cBo¢ (agy + )]

Theorem
For any T >0,

sup E “ VARVA

0<t<T

Motivation e Convergence Numerics



Convergence in time

Theorem

t|l>no]o IV = W*”’Hé =

Convergence



Convergence in time

Theorem

Jim Ve = el =0

W) _ ik (1), 2 (x..)

Mg
Ve )0 — (D (Ve - e ). 2 (x.)

=— ’T(Vt — wy)(x)

Convergence

My



Convergence in time

Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T (&) = \ié;,

A1 > X2 > ... > 0, orthogonal basis {&;}%°;.

Motivation itting Convergence Numerics



Convergence in time

Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T (&) = \ié;,
A1 > X2 > ... > 0, orthogonal basis {&;}%°;.

dhi  (d(Ve—w). &) - N -
Frke 5 = —(T(Ve—w), &) = — (Ve — w,, T (&))

= — Mlt.

Motivation Splitting method Convergence Numerics



Convergence in time

Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T (&) = \ié;,
A1 > X2 > ... > 0, orthogonal basis {&;}%°;.

dhi <d(V — W*),é;> 7 g T (&
d_tt:: E P = —(T(Ve—w), &) = — (Ve — w,, T (&))

i — o= Aitpi
hiy = e *ithg.

Motivation Splitting method Convergence Numerics



Convergence in time
Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T (&) = \ié;,
A1 > X2 > ... > 0, orthogonal basis {&;}%°;.

dhi <d(V — W*),é;> 7 g T (&
d_tt:: E P = —(T(Ve—w), &) = — (Ve — w,, T (&))

hi = e~ thi. Parseval's identity:

S P2 S —2A; i2 o)
||Vt—W*||2:Z(ht) :Ze 2\t (ho) 11) 0.
i=1 i=1

Motivation Splitting method TDGF Convergence Numerics



Architecture: base

Option price

Option price

No-arbitrage bound: u(t,S) > S — Ke™"

04

t=0.01 =034
[
—— Option price
Lower bound 08
=== Difference
gos
§ oz
o1
o0
06 a8 10 1 1 06 08 10 1 16
Moneyness Moneyness
67 .00

Option price

o6

Y] 12 14

1o
Moneyness

Numerics



Architecture: linearization

u(xp +y;0) =u(xp;0)+y, y>0.

2.00 1
175 A

150 o

125 A

100

Option price

075
050 A
025 A

0.00 A
00 0.5 10 15

g - S-S SR

Numerics



Architecture

=0y (W'x+ b'),

— o (Uz Ix 4 wals! bz”) : I=1,..,L

s (U X + Wg’51+bg:) I=1,..,L,

— o (U' Ix + WHls! 4 pr ’) I=1,..L,
= o (U”’x+ wh! (S’@R) +b””>, I=1,..,L,

S’+1:<1—G)®H’+Z’®5’, I=1,..L,

f(0) = base + o2 (WSLJrl + b) , g > 0.

Numerics



Algorithm

1: Initialize £(6°;x) = ®(S).

Numerics



Algorithm

1: Initialize £(6°;x) = ®(S).
2: for each time step k=1, ..., Ny do
3: Initialize 06‘ = gk-1,

Numerics



Algorithm

. Initialize f(@o;x) = (S).
: for each time step k=1,..., N; do
Initialize 06‘ =gk 1.
for each sampling stage n do
Generate random points x for training.

AN

Numerics



Algorithm

- Initialize £(6°;x) = &(S).

: for each time step k=1,..., N; do

Initialize 06‘ =gk 1.

for each sampling stage n do
Generate random points x for training.
Calculate the cost functional I%(f(6%;x')).

S o e

Numerics



Algorithm

. Initialize f(@o;x) = (S).
: for each time step k=1,..., N; do
Initialize 06‘ =gk 1.
for each sampling stage n do
Generate random points x for training.
Calculate the cost functional I%(f(6%;x')).
Take a descent step 0%, | = 0% — a,, Vol *(£(0; x')).
end for
end for

© ® N>R

Motivation itting me Convergence Numerics



Heston

2.00 4
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1.00 A
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Moneyness

TDGF Numerics




Heston
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Lifted Heston

dSt = rStdt + \/ thstth, 50 > O,
n
o= g0+ 3o
i=1
dvM = (7,-” v AV,_!’) dt +n\/VidB,, VI =0,

n t
g"(t) = Vo + AQZ c,-”/ e 7 (t=5)gs,
i=1 0

Numerics



Lifted Heston, n =1

2.00 4
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Option price
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Lifted Heston, n =1
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7
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Numerics
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Lifted Heston, n = 20

2.00 4

1.75 A

Option price
= = = =
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Moneyness
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Lifted Heston, n = 20
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Running times

Model Heston LH, n=1 | LH, n=20
DGM | 12.5 x 103 | 13.3 x 103 | 56.1 x 103
TDGF | 6.0x103| 6.4x10%| 7.6 x 103

Splittin

Table: Training time

Numerics




Running times

Model Heston LH, n=1 | LH, n=20
DGM 12.5 x 103 | 13.3 x 103 | 56.1 x 103
TDGF | 6.0x103 | 6.4x103| 7.6 x103
Table: Training time
Model | Heston | LH, n=1 | LH, n=20
COS 0.018 8.9 10.4
DGM | 0.0016 | 0.0034 0.0053
TDGF | 0.0060 | 0.020 0.025

Table: Computing time

Convergence

Numerics
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