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Pricing

Feynman-Kac formula:

∂u

∂t
+

n∑
i ,j=0

aij
∂2u

∂xi∂xj
−

n∑
i=0

bi
∂u

∂xi
− ru = 0,

u(T ) = Φ(ST )

Can we solve this PDE using a neural network?
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Deep Galerkin Method 1

∂u

∂t
+

n∑
i ,j=0

aij
∂2u

∂xi∂xj
−

n∑
i=0

bi
∂u

∂xi
− ru = 0,

u(T ) = Φ(ST )

Minimize∥∥∥∥∥∥∂u∂t +
n∑

i ,j=0

aij
∂2u

∂xi∂xj
−

n∑
i=0

bi
∂u

∂xi
− ru

∥∥∥∥∥∥
2

[0,T ]×Ω

+ ∥u(T )− Φ(ST )∥2Ω .

1Justin Sirignano and Konstantinos Spiliopoulos (2018). “DGM: A deep learning algorithm for solving partial differential
equations”. In: Journal of computational physics 375, pp. 1339–1364
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Splitting method

∂u

∂t
= −

n∑
i ,j=0

aij
∂2u

∂xi∂xj
+

n∑
i=0

bi
∂u

∂xi
+ ru

= −
n∑

i ,j=0

∂

∂xj

(
aij

∂u

∂xi

)
+

n∑
i ,j=0

∂aij

∂xj

∂u

∂xi
+

n∑
i=0

bi
∂u

∂xi
+ ru

= −
n∑

i ,j=0

∂

∂xj

(
aij

∂u

∂xi

)
+

n∑
i=0

bi +
n∑

j=0

∂aij

∂xj

 ∂u

∂xi
+ ru.

= −∇ · (A∇u) + ru + F (u),

F (u) = b · ∇u.
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Time Deep Nitsche Method 2


uτ −∇ · (A∇u) + ru + F (u) = 0, (τ, x) ∈ [0,T ]× Ω,

u(0, x) = Φ(x), x ∈ Ω,

u(τ, x) = gD(t, x), (τ, x) ∈ [0,T ]× ΓD ,

n · A∇u(τ, x) = gN(τ, x), (τ, x) ∈ [0,T ]× ΓN .

• Divide [0,T ] in intervals (τk−1, τk ] with h = τk − τk−1

• Seek approximations f k(x; θ) such that

f k − f k−1

h
−∇ ·

(
A∇f k

)
+ rf k + F

(
f k−1

)
= 0.

2Emmanuil H Georgoulis, Michail Loulakis, and Asterios Tsiourvas (2023). “Discrete gradient flow approximations of
high dimensional evolution partial differential equations via deep neural networks”. In: Communications in Nonlinear
Science and Numerical Simulation 117, p. 106893
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Time Deep Nitsche Method

f k − f k−1

h
−∇ ·

(
A∇f k

)
+ rf k + F = 0.

f k = argmin
w

L(w),

L(w) =
1

2

∥∥∥w − f k−1
∥∥∥2
L2(Ω)

+ hI (w).

0 =

∫
Ω
(−∇ · (A∇u) + ru + F ) vdx

= i ′(0)

,

i(τ) = I (u + τv)

I (u) =

∫
Ω

1

2

(
(∇u)T A∇u + ru2

)
+ Fudx −

∫
ΓN

gNuds

−
∫
ΓD

n · A∇u(u − gD)ds.
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Algorithm

1: Initialize θ00.

2: Initialize a neural network approximating the initial condition

f 0 = argmin
w

∥w − Φ(X)∥L2(Ω).

3: for each time step k = 1, ...,Nt do
4: Initialize θk0 = θk−1.
5: for each sampling stage do
6: Generate random points xi for training.
7: Calculate the cost functional L(f (θkn ; x

i )).
8: Take a descent step θkn+1 = θkn − αn∇θL(f (θ

k
n ; x

i )).
9: end for

10: end for
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Black-Scholes

dSt = rStdt + σStdWt , S0 > 0,

0 = uτ −
1

2
σ2S2 ∂

2u

∂S2
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+ σ2S

∂u

∂S
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+
(
σ2 − r

)
S
∂u

∂S
+ ru.

Motivation Method Results 9 / 16



Black-Scholes

dSt = rStdt + σStdWt , S0 > 0,

0 = uτ −
1

2
σ2S2 ∂

2u

∂S2
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+ σ2S

∂u

∂S
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+

(
σ2 − r

)
S
∂u

∂S
+ ru.

Motivation Method Results 9 / 16



Black-Scholes

dSt = rStdt + σStdWt , S0 > 0,

0 = uτ −
1

2
σ2S2 ∂

2u

∂S2
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+ σ2S

∂u

∂S
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+

(
σ2 − r

)
S
∂u

∂S
+ ru.

Motivation Method Results 9 / 16



Black-Scholes

dSt = rStdt + σStdWt , S0 > 0,

0 = uτ −
1

2
σ2S2 ∂

2u

∂S2
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+ σ2S

∂u

∂S
− rS

∂u

∂S
+ ru

= uτ −
∂

∂S

(
1

2
σ2S2 ∂u

∂S

)
+
(
σ2 − r

)
S
∂u

∂S
+ ru.

Motivation Method Results 9 / 16



Black-Scholes

Motivation Method Results 10 / 16



Heston

dSt = rStdt +
√

VtStdWt , S0 > 0,

dVt = κ(θ − Vt)dt + η
√
VtdBt , V0 > 0.
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Lifted Heston 3

dSt = rStdt +
√

V n
t StdWt , S0 > 0,

V n
t = gn(t) +

n∑
i=1

cni V
n,i
t ,

dV n,i
t = −

(
γni V

n,i
t + λV n

t

)
dt + η

√
V n
t dBt , V n,i

0 = 0,

gn(t) = V0 + λθ

n∑
i=1

cni

∫ t

0
e−γn

i (t−s)ds,

3Eduardo Abi Jaber (2019). “Lifting the Heston model”. In: Quantitative Finance 19.12, pp. 1995–2013
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Lifted Heston, n = 1

Motivation Method Results 13 / 16



Lifted Heston, n = 5
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Running times

Method Black-Scholes Heston LH, n=1 LH, n=5

DGM 0.34 0.65 2.0 4.4

TDNM 0.55 0.71 0.76 1.2

Table: Training time (104 seconds)

Method Black-Scholes Heston LH, n=1 LH, n=5

Exact/COS 0.00051 0.013 6.9 6.9

DGM 0.011 0.011 0.011 0.011

TDNM 0.027 0.036 0.053 0.052

Table: Computing time (seconds)
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