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Pricing

Feynman-Kac formula:

u(T) = &(S7)
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Pricing

Feynman-Kac formula:

au u . aZu n .au
ij _ iy =
ot + -2:03 0 ,Z; b 9% ru=0,

u(T) = &(S7)

Can we solve this PDE using a neural network?

Motivation



Deep Galerkin Method !

+Z “ax,axj Zb’——ru—o

u(T) = &(57)

1 Justin Sirignano and Konstantinos Spiliopoulos (2018). “DGM: A deep learning algorithm for solving partial differential
equations”. In: Journal of computational physics 375, pp. 1339-1364
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Deep Galerkin Method !
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u(T) =o(S7)
Minimize
2
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1 Justin Sirignano and Konstantinos Spiliopoulos (2018). “DGM: A deep learning algorithm for solving partial differential
equations”. In: Journal of computational physics 375, pp. 1339-1364
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Splitting method
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Splitting method
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Splitting method
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= -V (AVu) + ru + F(u),
F(u)=b-Vu.
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Time Deep Nitsche Method 2

ur —V-(AVu)+ru+ F(u)=0, (7,x)€[0,T]xQ,
u(0,x) = d(x), x € Q,

u(t,x) = gp(t,x), (r,x) € [0, T] x p,
n- AVu(r,x) = gn(7, %), (m,x) € [0, T] x ['y.

2Emmanuil H Georgoulis, Michail Loulakis, and Asterios Tsiourvas (2023). “Discrete gradient flow approximations of
high dimensional evolution partial differential equations via deep neural networks”. |n: Communications in Nonlinear
Science and Numerical Simulation 117, p. 106893
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Time Deep Nitsche Method 2

up — V- (AVu) +ru+ F(u) =0, (r,x)€[0,T] xQ,

u(0,x) = d(x), x€Q,
u(t,x) = gp(t,x), (1,x) € [0, T] x I'p,
n- AVu(r,x) = gn(7, %), (1,x) € [0, T] x [y.

® Divide [0, T] in intervals (7x_1, 7x] with h = 7% — 7%_1
* Seek approximations f¥(x; @) such that
fk _ fk—l

— -V (Aka) Lk F (f"‘l) —0.

2Emmanuil H Georgoulis, Michail Loulakis, and Asterios Tsiourvas (2023). “Discrete gradient flow approximations of
high dimensional evolution partial differential equations via deep neural networks”. [n: Communications in Nonlinear
Science and Numerical Simulation 117, p. 106893
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Time Deep Nitsche Method

fk o fk—l

; —V-(Aka>+rfk+F:0.
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Time Deep Nitsche Method
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L(w) = % A )

12(Q)
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Time Deep Nitsche Method

fk o fk—l

-V (AVF) 44 F o
fk = argmin L(w),

L(w) = % A )

12(Q)

o:/(—v-(Avu)+ru+F)vdx ,
Q
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Time Deep Nitsche Method

fk o fk—l

-V (AVF) 44 F o
fk = argmin L(w),

L(w) = % A )

12(Q)

0= / (=V - (AVu) + ru + F) vdx = i'(0),
Q

i(t) =l(u+7v)

1
I(u) :/ 5 ((VU)TAVu+ ru2) + Fudx —/ gnuds
Q My

- / n- AVu(u — gp)ds.
Mo
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1: Initialize 08.
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Algorithm

1: Initialize 08.
2: Initialize a neural network approximating the initial condition

O = arg mMi/n [w — (X)) L,()-
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Algorithm

1: Initialize 08.
2: Initialize a neural network approximating the initial condition
0 .
7 = arg min||w — ®(X)] 1,(a)-
3: for each time step k=1,..., N; do
4: Initialize 0§ = 0%~

Method Results
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1: Initialize 08.
2: Initialize a neural network approximating the initial condition

O = arg mMi/n [w — (X)) L,()-

3: for each time step k=1,..., N; do

4: Initialize 0§ = 0%~

5 for each sampling stage do

6 Generate random points x’ for training.

Method Results



Algorithm

1: Initialize 08.
2: Initialize a neural network approximating the initial condition

O = arg mv'i/n [w — (X)) L,()-

3: for each time step k=1,..., N; do

4 Initialize 0§ = 0%~

5: for each sampling stage do

6 Generate random points x’ for training.

7 Calculate the cost functional L(f(6%;x)).

Motivation Method Results



Algorithm

1: Initialize 08.
2: Initialize a neural network approximating the initial condition

O = arg mv'i/n [w — (X)) L,()-

: for each time step k =1, ..., N; do
Initialize 0§ = 0%~
for each sampling stage do
Generate random points x’ for training.
Calculate the cost functional L(f(6%;x)).
Take a descent step 0%, = 0K — o, VoL(f(6%; x')).
end for
10: end for

© ® N>R

Motivation Method Results



Black-Scholes

dS; = rS¢dt + 0S¢dWe,  So > 0,
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Black-Scholes

dS; = rS¢dt + 0S¢dWe,  So > 0,

1 228u ou
5852_r585

0=u, —

Results



Black-Scholes

dS; = rS¢dt + 0S¢dWe,  So > 0,
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Black-Scholes

dS; = rS¢dt + 0S¢dWe,  So > 0,

B 1 5, ,0%u ou
O—UT—EO'S@—I’Sg—FI’U

o . 8 1 2 28” 2 3u_ au
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o _ 8 1 2 28” 2 8”
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Black-Scholes
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Heston

dSt = rStdt + \V VtStth, 50 > 0,
th = /4;(9 — Vt)dt + nv thBt, Vo > 0.
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Heston

dSt = r5tdt + VtStth, 50 > 0,
dVi = lﬁ',(@ — Vt)dt + Ny VidB:, Vo > 0.
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Lifted Heston 3

dSt = rStdt + v/ thstth, SO > O,
Ve = g"(t)+ > v,
i=1
vy = = (VP 4 AV dt + VB, Ve =0,

n t
g"(t)=Vo+ A0 Z c,-"/ e Wt gs,
-1 70

3Eduardo Abi Jaber (2019). "Lifting the Heston model". In: Quantitative Finance 1912, pp. 1995-2013
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Lifted Heston, n =1
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Lifted Heston, n =5
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Running times

Method | Black-Scholes | Heston | LH, n=1 | LH, n=5
DGM 0.34 0.65 2.0 4.4
TDNM 0.55 0.71 0.76 1.2

Table: Training time (10* seconds)

Results




Runni

ng times
Method | Black-Scholes | Heston | LH, n=1 | LH, n=5
DGM 0.34 0.65 2.0 4.4
TDNM 0.55 0.71 0.76 1.2
Table: Training time (10* seconds)
Method Black-Scholes | Heston | LH, n=1 | LH, n=5
Exact/COS 0.00051 0.013 6.9 6.9
DGM 0.011 0.011 0.011 0.011
TDNM 0.027 0.036 0.053 0.052

Motivation

Table: Computing time (seconds)

Method

Results
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