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Pricing

Price of a derivative with pay-off ®(S7)

u(t) =E [e—f<T—f>¢(sT)|5t]

Feynman-Kac formula:

u(T) = ®(57)

Can we solve this PDE using a neural network?

Motivation Splittin
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Deep Galerkin Method !

du N
B iou
3t+u_ 8X,8XJ ’Z:b ru=0,
u(T) = &(57)
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Deep Galerkin Method !

+Z ”8X,8XJ Zb’——ru—O

Minimize
, 2
ou . 9% " . du 5
el iy % iZe _
TR i DL s + [[u(T) = &(STII3
1j=0 i=0 [0, T]xQ

1 Justin Sirignano and Konstantinos Spiliopoulos (2018). “DGM: A deep learning algorithm for solving partial differential
equations”. In: Journal of computational physics 375, pp. 1339-1364
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Deep Galerkin Method !

+Z Hax,axj Zb’——ru—O

Minimize
, 2
ou . 9% " . du 5
e i 22 NTH I T)— o .
TR i DL s +[lu(T) - &(S7)13
hi= i=0 [0, T]xQ

Issue: Taking second derivative makes training in high dimensions slow

1 Justin Sirignano and Konstantinos Spiliopoulos (2018). “DGM: A deep learning algorithm for solving partial differential
equations”. In: Journal of computational physics 375, pp. 1339-1364
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Idea

Rewrite PDE as energy minimization problem

® Only first order derivative

® No norm

Split in symmetric and non-symmetric part
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Splitting method
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Splitting method

@:—En:a"j Fu +Zb’—+ru

ot fd_ Ix0x; = Ox;
dal du
B ,,szo Ox; ( 8x,) Z 8xj 8x,
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Splitting method

ou n
E:__Z 8x,8xj+z 8_x,+ru
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Splitting method

@——ia’j u —i—Zb’——I—r
ot Oxiox; L= ax

I,_/— i=0

dal du ;Ou
__Zaxj< ax,) Z axja*xfzba_x,-““

ij=0 i=0
—,’Jzoax ( >+Z(b’+zaxj) &

= -V (AVu) + ru+ F(u),
F(u)=b-Vu.
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Example: Heston model

dSt = rStdt + VtStth, 50 > 0,
th = /4;(9 — Vt)dt + nv thBt, Vo > 0.
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Example: Heston model

dSt = rStdt + VtStth, 50 > 0,

th = /4;(9 — Vt)dt + v thBt, VO > 0.
ou ou ou 1 _, 0%u 1, 0%u 0%u
9t = S5 KOV)Gy =SV gV gya SV epy
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Example: Heston model
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Example: Heston model

au - 8 au 2 azu 1 2 dZ 82U
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Example: Heston model

Bu ou ou 1
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Time Deep Nitsche Method 2

ur —V-(AVu)+ru+ F(u) =0, (7,x)€[0,T]xQ,
u(0,x) = d(x), x € Q.

2Emmanuil H Georgoulis, Michail Loulakis, and Asterios Tsiourvas (2023). "Discrete gradient flow approximations of
high dimensional evolution partial differential equations via deep neural networks”. |n: Communications in Nonlinear
Science and Numerical Simulation 117, p. 106893




Time Deep Nitsche Method 2

ur —V-(AVu)+ru+ F(u) =0, (7,x)€[0,T]xQ,
u(0,x) = d(x), x € Q.

® Divide [0, T] in intervals (7x_1, 7] with h = 7% — 71
Uk o Uk—l

— V. (Avuk) +rUk+F(Uk_1) —0

2Emmanuil H Georgoulis, Michail Loulakis, and Asterios Tsiourvas (2023). “Discrete gradient flow approximations of
high dimensional evolution partial differential equations via deep neural networks”. |n: Communications in Nonlinear
Science and Numerical Simulation 117, p. 106893
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Time Deep Nitsche Method

Uk o Uk—l

—— V- (AVU") +rUR + F(UY =0
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Time Deep Nitsche Method

Uk _ kal

~v. (AVU") +rUR + F(UY =0

h

0:/Q<(Uk—Uk_1)+h<—V- (AVUF) + U+ F (UF1) ) v
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Time Deep Nitsche Method

Uk _ kal
h

~v. (AVU") +rUR + F(UY =0

i(r) = IK(U* + 7v)

1%(u) = % Hu - Uk_1H2 + h/ﬂ% ((VU)TAVu—i- ru2> +F (Uk_1> udx

UK = argmin I¥(v)
ueHY ()




Time Deep Nitsche Method

1%(u) = % Hu - UH”2 + h/Q% ((vu)TAvu+ ru2> Y F (UH) udx
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Time Deep Nitsche Method

1%(u) = % Hu - Uk71”2 + h/Q% ((VU)TAVu—i- ru2> +F (Uk*1> udx
U* = argmin I*(u)
ueH ()

£K(0) = arg min I¥(u)
ueC(0)

C(#) = space of neural networks with parameters ¢
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1: Initialize 6.
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Algorithm

1: Initialize 6.
2: for each time step k=1, ..., Ny do
3: Initialize 06‘ = gk-1,




Algorithm

1: Initialize 6.

2: for each timestep k=1,..., N; do

3: Initialize 06‘ =gk 1.

4 for each sampling stage n do

5 Generate random points x for training.
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Algorithm

1: Initialize 6.

2: for each timestep k=1,..., N; do

3 Initialize 06‘ =gk 1.

4: for each sampling stage n do

5 Generate random points x for training.

6 Calculate the cost functional I%(f(6%;x')).
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Algorithm

1: Initialize 6.

2: for each timestep k=1,..., N; do

3 Initialize 06‘ =gk 1.

4 for each sampling stage n do

5: Generate random points x for training.

6 Calculate the cost functional I%(f(6%;x')).

7 Take a descent step 0%, = 0% — a,, Vol *(£(0; x')).
8 end for

9: end for

Results



Base

No-arbitrage bound: u(t,S) > S; — Ke™"*
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Architecture

=0y (W'x+ b'),
— oy (Uz Ix + WISl 4 bz”) , I=1,..,L,
s (U X + Wg’51+bg:) I=1,..,L,
— o (U' Ix + Wrls! 4 b ’) I=1,..L
= o (U”’x+ wh! (S’@R) +b””>, I=1,..,L,
S’+1:<1—G)®H’+Z’®5’, I=1,..L,
£(6) = base + o (WSL+1 + b) , o2 > 0.

TDNM Neural network Results



Heston
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Heston
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Lifted Heston 3

® Rough Heston: more accurate, but V not Markovian

3Eduardo Abi Jaber (2019). “Lifting the Heston model”. |n: Quantitative Finance 1912, pp. 19952013
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Lifted Heston 3

® Rough Heston: more accurate, but V not Markovian

e Lifted Heston: Markovian, but multiple dimensions
dSt = rstdt + thStth, SO > O,
Vi =g"(t)+ ) v,
i=1

vy = = (VP VD) dt + VB, Vg =0,

n t
g"(t)=Vo+ A0 Z c,”/ e (=) s,
i=1 0

3Eduardo Abi Jaber (2019). "Lifting the Heston model". In: Quantitative Finance 1912, pp. 1995-2013

Results



Lifted Heston, n =1
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Lifted Heston, n =1
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Lifted Heston, n = 20
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Lifted Heston, n = 20
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Running times

Method | Heston | LH, n=1 | LH, n=20
DGM 1.3 1.3 6.0
TDNM 0.77 0.66 1.0

Table: Training time (10* seconds)
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Running times

Method | Heston | LH, n=1 | LH, n=20
DGM 1.3 1.3 6.0
TDNM 0.77 0.66 1.0

Table: Training time (10* seconds)

Method | Heston | LH, n=1 | LH, n=20
COS 1072 8.9 10.4
DGM 102 102 102
TDNM 102 1072 102

Table: Computing time (seconds)

TDNM Results



Conclusion

Accurate | Fast
Heston X v’
Lifted Heston v’ X

TDNM
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Conclusion

Accurate | Fast
Heston X v’
Lifted Heston v’ X
Lifted Heston with neural networks N v’

TDNM Neural ne

Results
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