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Options

A contract which gives the owner the right, but not the obligation, to
buy a stock at a price K at a future time T
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Pay-off

O(ST) = (ST - K)*
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Stock price

d5t = I’Stdt + O'Stth, 50 > 0,
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Stock price

dSt = I’Stdt + O'Stth, 50 > 0,
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Pricing

Price of a derivative with pay-off ®(S7)

u(t) =E [e_'(T_t)¢(ST)|5t]
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Pricing

Price of a derivative with pay-off ®(S7)
u(t) = E [ (T-90(57)|S,]

Feynman-Kac formula:
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Pricing

Price of a derivative with pay-off ®(S7)
u(t) = E [ (T-90(57)|S,]

Feynman-Kac formula:

u(T) = ®(57)

Can we solve this PDE using a neural network?
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Deep Galerkin Method
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Deep Galerkin Method
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Deep Galerkin Method
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Issue: Taking second derivative makes training in high dimensions slow
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Idea

Rewrite PDE as energy minimization problem
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Idea

Rewrite PDE as energy minimization problem

® Only first order derivative

® No norm
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Idea

Rewrite PDE as energy minimization problem

® Only first order derivative

® No norm

Split in symmetric and non-symmetric part
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Splitting method
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Splitting method
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Splitting method
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Splitting method
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= -V (AVu) + ru+ F(u),
F(u)=b-Vu.
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Example: Black-Scholes

dSt = rStdt + O'Stth, 50 > 0,

Splitting method



Example: Black-Scholes

dSt = rStdt + O'Stth, 50 > 0,
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Example: Black-Scholes

dSt = rStdt + O'Stth, 50 > 0,

Exact solution:

u(r,S) =SN
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Example: Black-Scholes
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Example: Black-Scholes
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Example: Black-Scholes
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Example: Black-Scholes
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Example: Black-Scholes
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Time Deep Gradient Flow Method

ur —V-(AVu)+ru+ F(u) =0, (7,x)€[0,T]xQ,
u(0,x) = d(x), x € Q.
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Time Deep Gradient Flow Method

ur —V-(AVu)+ru+ F(u) =0, (7,x)€[0,T]xQ,
u(0,x) = d(x), x € Q.

® Divide [0, T] in intervals (7x_1, 7] with h = 7% — 71
Uk _ kal

— V. (Avuk) +rUk+F(Uk—1) —0
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Time Deep Gradient Flow Method
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Time Deep Gradient Flow Method
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Time Deep Gradient Flow Method
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Time Deep Gradient Flow Method

Uk _ kal
h

~v. (AVU") +rUR + F(UY =0

i(r) = IK(U* + 7v)

1%(u) = % Hu - Uk_1H2 + h/ﬂ% ((VU)TAVu—i- ru2> +F (Uk_1> udx
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Time Deep Gradient Flow Method
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Time Deep Gradient Flow Method

1%(u) = % Hu - Uk71”2 + h/Q% ((VU)TAVu—i- ru2> +F (Uk*1> udx
U* = argmin I*(u)
ueH ()

£K(0) = arg min I¥(u)
ueC(0)

C(#) = space of neural networks with parameters ¢

Imple o Results



Base

No-arbitrage bound:
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Linearization

u(xp +y;0) =u(xp;0)+y, y>0.
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Architecture
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£(6) = base + o (WSL+1 + b) , o2 > 0.
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Algorithm

1: Initialize £(6°;x) = ®(S).

Implementation



Algorithm

1: Initialize £(6°;x) = ®(S).
2: for each time step k=1, ..., Ny do
3: Initialize 06‘ = gk-1,

Splitting me Implementation



Algorithm

. Initialize f(@o;x) = (S).
: for each time step k=1,..., N; do
Initialize 06‘ =gk 1.
for each sampling stage n do
Generate random points x for training.

AN
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Algorithm

- Initialize £(6°;x) = &(S).

: for each time step k=1,..., N; do

Initialize 06‘ =gk 1.

for each sampling stage n do
Generate random points x for training.
Calculate the cost functional I%(f(6%;x')).

S o e
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Algorithm

. Initialize f(@o;x) = (S).
: for each time step k=1,..., N; do
Initialize 06‘ =gk 1.
for each sampling stage n do
Generate random points x for training.
Calculate the cost functional I%(f(6%;x')).
Take a descent step 0%, | = 0% — a,, Vol *(£(0; x')).
end for
end for

© ® N>R
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Black-Scholes
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Black-Scholes
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Lifted Heston

dSt = rStdt + \/ thstth, 50 > O,
VP =g"(t)+ Y TV,
i=1
Vi = = (3PVET AV dt 4/ VEdB, VT =0,

n t
g"(t)=Vo+ M0 Z c,-"/ e W (t=5)gs.
-1 70
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Lifted Heston

dS; = rSedt + / VS dWs, So > 0,
Vo= g'(0)+ >0 v,
i=1
dv = — (7,-" VA AV{') dt +n\/VidB,, VI =0,
g"(t)= Vo + )\Hi ¢ /Ot e (t=5) g,
i=1

No exact solution

Results



Lifted Heston, n =1
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Lifted Heston, n =1
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Lifted Heston, n = 20
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Lifted Heston, n = 20
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Running times

Model | Black-Scholes Heston LH, n=1 | LH, n=20
DGM 7.5 x10% | 12.5 x 103 | 13.3 x 103 | 56.1 x 103
TDGF 41x103| 6.0x103| 6.4x103| 7.6x103

Table: Training time

Results




Running times

Model | Black-Scholes Heston LH, n=1 | LH, n=20
DGM 7.5 x10% | 12.5 x 103 | 13.3 x 103 | 56.1 x 103
TDGF 41x103| 6.0x103| 6.4x103| 7.6x103

Table: Training time

Model Black-Scholes | LH, n=1 | LH, n=20
Exact/COS | 0.00025 8.9 10.4
DGM 0.0043 0.0034 0.0053
TDGF 0.024 0.020 0.025

Table: Computing time

Motivation Splitting metho Implementation Results



Conclusion

Accurate | Fast
Simple model X v’
Complicated model v’ X

Results




Conclusion

Accurate | Fast
Simple model X v’
Complicated model v’ X
Complicated model with neural networks v’ v’

Results
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