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Can we solve this PDE using a neural network?
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Deep Galerkin Method !
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Issue: Taking second derivative makes training in high dimensions slow

!Sirignano and Spiliopoulos 2018; Jiang, Sirignano, and Cohen 2023
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Idea

Rewrite PDE as energy minimization problem

® Only first order derivative

® No norm

Split in symmetric and non-symmetric part
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Example: Heston model
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Example: Heston model
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Example: Heston model
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Time Deep Gradient Flow

ug—V-(AVu)+ru+ F(u)y=0 (t,x)€[0,T] xQ
u(0,x) = ®(x) xeQ

® Divide [0, T] in intervals (tx_1, tx] with h = tx — tx_1
Uk — Ukt K k k-1
T—V-(AVU)JHU +F<U )_o

V=9
Theorem (Akrivis and Crouzeix 2004)

There exists a constant C independent of h and k such that

k
— <
Jmax [|u(t) - U¥|| < ch
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Theorem

The minimizer w, € ’Hé (Rd) of 1% is the unique solution U¥.
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Theorem

The minimizer wy, € H§ (RY) of I* is the unique solution U.

Proof.

i (1) = 1" (wy +7Vv)

Since w, minimizes /%, 7 = 0 minimizes iX.




Time Deep Gradient Flow

Theorem

The minimizer wy, € H§ (R?) of I* is the unique solution U*.
Proof.
(1) = 1" (we + 7V)

Since w, minimizes /X, 7 = 0 minimizes iX.

/Rd ((w - Uk—l) +h (—v (AVw,) + rw, + F (Uk—l))> vex.

Ol
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Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ¢ : R — R such that
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Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ¢ : R — R such that
P € C° (RY) and [gq 1 (x)dx # 0.

Definition (Neural network)

C"(d}):{ () RT > R:((x ZBI¢(QX+CI)},

i=1

¢ (Q/}) = UnZlcn (¢)
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Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ¢ : R — R such that
P € C° (RY) and [gq 1 (x)dx # 0.

Definition (Neural network)

c"(w):{ (x):RY = R:((x Zﬁ,w(ax+c,)},

i=1

¢ (l/)) = UnZlcn (¢)

Theorem
C(v) is dense in H (R?).

Motivation Splitting method Training



Convergence of the minimizer

Theorem
Let wy, be a sequence in H (R?) and w, the minimizer of I*.
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Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.
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Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

im [|wm = wiflzp =0 <= lim 1% (Wm) = 1% (wy)

m—>00




Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.
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— [k is continuous.
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Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.
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Proof.

— [k is continuous.
<— Wm — Wk.

Motivation Splitting



Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

5 - k k
m|E;noo |Wm — W*||Hé =0 <<= mllnool (Wm) = 1" (wy)

Proof.

— [k is continuous.
= Wy — Wi So G [wm] = G [wy].
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Convergence of the minimizer

Theorem
Let wy, be a sequence in H (R?) and w, the minimizer of I*.
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Proof.
— [k is continuous.
= Wy — Wi So G [wm] = G [wy].
Since 1K (W) — 1K (wy), LK (W) — LK (wy).
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Convergence of the minimizer

Theorem

Let wy, be a sequence in H (R?) and w, the minimizer of I*.

,JL’“OOHWm_W*HHé =0 nji;nm/k(wm):/k(w*)

Proof.

— [ is continuous.
= Wy — Wi S0 G" [Wp] — G" [wa].
Since 1K (W) — 1K (wy), LK (W) — LK (wy).

VAV (Wi — w,.)

2
LB | Wy — wi||* + B — 0.
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Convergence of the minimizer

Theorem
Let wy, be a sequence in H (R?) and w, the minimizer of I*.

,Ji“oo||wm_w*||?{é =0 nji;nm/k(wm):/k(w*)

Proof.
— [k is continuous.
= Wy — Wi So G [wm] = G [wy].
Since 1K (W) — 1K (wy), LK (W) — LK (wy).

2
L | Wy — wie||* + B {IVAV (Wi — ws)|| — 0.

| Wm — W*HH%J — 0.
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Convergence when training

Neural network:
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Convergence when training

Neural network:
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Gradient Descent
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Gradient Descent

N
v (HN;X> =N7° Zﬁ% (a'x +c'),
i=1

ON = (ﬁ",a",c")?lzl, % <0 <1 py= NP1

% — Vel (v"’ (9,’_)’;><)>

N N
L(X) =VyVvN (9?’;)() . %

N A (ep’;x) - Vylk (V’V (eﬁ’;x)>

dt




Convergence in neurons
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Convergence in neurons
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Convergence in neurons
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Wide network limit
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Wide network limit

WECD (o (vi). 2 ),
el __ (P (). 2(x0),,

N
ZV (x,y) =N Y VgaeBit (b x + ) - Vg aeBiv (aly + i)
=1
Z(x,y) =E [V ,a,c86¢ (agx + G3) - Va,cBo¢ (agy + )]

Theorem
For any T >0,

sup E “ VARVA

0<t<T
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Wide network limit
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Wide network limit

Theorem
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Convergence in time

Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T (&) = \ié;,

A1 > X2 > ... > 0, orthogonal basis {&;}%°;.
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Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:
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Proof: lim;_e0 || Vi — W*||H(1) = (1.

T is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T (&) = \ié;,
A1 > X2 > ... > 0, orthogonal basis {&;}%°;.

dhi <d(V — W*),é;> 7 g T (&
d_tt:: E P = —(T(Ve—w), &) = — (Ve — w,, T (&))

Motivation Splitting method Training



Convergence in time
Proof: lim;_e0 || Vi — W*||H(1) = (1.
T is a self-adjoint, positive definite trace class operator. Spectral

decomposition:

T (&) = \ié;,
A1 > X2 > ... > 0, orthogonal basis {&;}%°;.

dhi  (d(Ve—w). &) - N -
Frke @ = —(T(Ve—w), &) = — (Ve — w,, T (&))

[e.o] oo

Ve w = 30 (P = e ()P 0

i=1 i=1
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