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Option pricing

∂u

∂t
−

n∑
i ,j=0

aij
∂2u

∂xi∂xj
−

n∑
i=0

bi
∂u

∂xi
+ ru = 0

u(0, x) = Φ(x)

Can we solve this PDE using a neural network?
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Deep Galerkin Method 1

∂u

∂t
−

n∑
i ,j=0

aij
∂2u

∂xi∂xj
−

n∑
i=0

bi
∂u

∂xi
+ ru = 0

u(0, x) = Φ(x)

Minimize∥∥∥∥∥∥∂u∂t −
n∑

i ,j=0

aij
∂2u

∂xi∂xj
−

n∑
i=0

bi
∂u

∂xi
+ ru

∥∥∥∥∥∥
2

[0,T ]×Ω

+ ∥u(0, x)− Φ(x)∥2Ω

Issue: Taking second derivative makes training in high dimensions slow

1Sirignano and Spiliopoulos 2018; Jiang, Sirignano, and Cohen 2023
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Idea

Rewrite PDE as energy minimization problem

• Only first order derivative

• No norm

Split in symmetric and non-symmetric part
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Splitting method

∂u

∂t
=

n∑
i ,j=0

aij
∂2u

∂xi∂xj
+

n∑
i=0

bi
∂u

∂xi
− ru

=
n∑

i ,j=0

∂

∂xj

(
aij
∂u

∂xi

)
−

n∑
i ,j=0

∂aij

∂xj

∂u

∂xi
+

n∑
i=0

bi
∂u

∂xi
− ru

=
n∑

i ,j=0

∂

∂xj

(
aij
∂u

∂xi

)
−

n∑
i=0

 n∑
j=0

∂aij

∂xj
− bi

 ∂u

∂xi
− ru

= ∇ · (A∇u)− ru − F (u)

F (u) = b · ∇u
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Example: Heston model

dSt = rStdt +
√
VtStdWt S0 > 0

dVt = κ(θ − Vt)dt + η
√

VtdBt V0 > 0

∂u

∂t
= rS

∂u

∂S
+κ(θ−V )

∂u

∂V
+
1

2
S2V

∂2u

∂S2
+
1

2
η2V

∂2u

∂V 2
+ρηSV

∂2u

∂S∂V
−ru
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2
S2V

∂2u

∂S2
+
1

2
η2V

∂2u

∂V 2
+ρηSV

∂2u

∂S∂V
− ru

=rS
∂u

∂S
+ κ(θ − V )

∂u

∂V
+
∂

∂S

(
1

2
S2V

∂u

∂S

)
− SV

∂u

∂S

+
∂

∂V

(
1

2
η2V

∂u

∂V

)
− 1

2
η2
∂u

∂V
+
∂

∂S

(
1

2
ρηSV

∂u

∂V

)
− 1

2
ρηV

∂u

∂V

+
∂

∂V

(
1

2
ρηSV

∂u

∂S

)
− 1

2
ρηS

∂u

∂S
− ru

=∇ ·
(
1

2

[
S2V ρηSV
ρηSV η2V

]
∇u

)
− ru

−
[

SV − rS+1
2ρηS

κ(V − θ)+1
2ρηV + 1

2η
2

]
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Time Deep Gradient Flow

{
ut −∇ · (A∇u) + ru + F (u) = 0 (t, x) ∈ [0,T ]× Ω

u(0, x) = Φ(x) x ∈ Ω

• Divide [0,T ] in intervals (tk−1, tk ] with h = tk − tk−1

Uk − Uk−1

h
−∇ ·

(
A∇Uk

)
+ rUk + F

(
Uk−1

)
= 0

U0 = Φ

Theorem (Akrivis and Crouzeix 2004)

There exists a constant C independent of h and k such that

max
0≤k≤N

∥∥∥u (tk)− Uk
∥∥∥ ≤ Ch
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Time Deep Gradient Flow

Uk − Uk−1

h
−∇ ·

(
A∇Uk

)
+ rUk + F (Uk−1) = 0

I k(u) =
1

2

∥∥∥u − Uk−1
∥∥∥2 + h

∫
Ω

1

2

(
(∇u)T A∇u + ru2

)
+ F

(
Uk−1

)
udx

Theorem

The minimizer w∗ ∈ H1
0

(
Rd

)
of I k is the unique solution Uk .
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Time Deep Gradient Flow

Theorem

The minimizer w∗ ∈ H1
0

(
Rd

)
of I k is the unique solution Uk .

Proof.

ik (τ) = I k (w∗ + τv)

Since w∗ minimizes I k , τ = 0 minimizes ik .

0 =
(
ik
)′

(0)

=

∫
Rd

((
w∗ − Uk−1

)
+ h

(
−∇ · (A∇w∗) + rw∗ + F

(
Uk−1

)))
vdx .
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Time Deep Gradient Flow

Definition (Activation function)

An activation function is a function ψ : Rd → R such that
ψ ∈ C∞

c

(
Rd

)
and

∫
Rd ψ (x) dx ̸= 0.

Definition (Neural network)

Cn(ψ) =

{
ζ (x) : Rd → R : ζ (x) =

n∑
i=1

βiψ (αix + ci )

}
,

C (ψ) = ∪n≥1Cn (ψ)

Theorem

C(ψ) is dense in H1
0

(
Rd

)
.
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Convergence of the minimizer

Theorem

Let wm be a sequence in H1
0

(
Rd

)
and w∗ the minimizer of I k .

lim
m→∞

∥wm − w∗∥H1
0
= 0 ⇐⇒ lim

m→∞
I k (wm) = I k (w∗)

I k (u) =
1

2

∥∥∥u − Uk−1
∥∥∥2 + h

∫
Rd

1

2

(
(∇u)T A∇u + ru2

)
+ F

(
Uk−1

)
udx

=: Lk (u) + Gk (u) ,

Lk (u) =
1

2
∥u∥2 + h

2

∫
Rd

(∇u)T A∇u + ru2dx ,

Gk (u) = −
〈
u,Uk−1

〉
+

1

2

∥∥∥Uk−1
∥∥∥2 + h

∫
Rd

F
(
Uk−1

)
udx
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Theorem

Let wm be a sequence in H1
0

(
Rd

)
and w∗ the minimizer of I k .

lim
m→∞

∥wm − w∗∥H1
0
= 0 ⇐⇒ lim

m→∞
I k (wm) = I k (w∗)

Proof.

=⇒ I k is continuous.
⇐= wm ⇀ w∗. So Gn [wm] → Gn [w∗].

Since I k (wm) → I k (w∗), Lk (wm) → Lk (w∗).

1+hr
2 ∥wm − w∗∥2 + h

2

∥∥∥√A∇ (wm − w∗)
∥∥∥2 → 0.

∥wm − w∗∥H1
0
→ 0.
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lim
m→∞

∥wm − w∗∥H1
0
= 0 ⇐⇒ lim

m→∞
I k (wm) = I k (w∗)

Proof.

=⇒ I k is continuous.
⇐= wm ⇀ w∗. So Gn [wm] → Gn [w∗].

Since I k (wm) → I k (w∗), Lk (wm) → Lk (w∗).

1+hr
2 ∥wm − w∗∥2 + h

2

∥∥∥√A∇ (wm − w∗)
∥∥∥2 → 0.

∥wm − w∗∥H1
0
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Convergence when training

Neural network:

VN
t

(
θN ; x

)
= VN

(
θNt ; x

)
= N−δ

N∑
i=1

βiψ
(
αix + c i

)
,

θN =
(
βi , αi , c i

)N
i=1

, 1
2 < δ < 1.

VN
t

N→∞−→ Vt
t→∞−→ w∗
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Gradient Descent

VN
(
θN ; x

)
= N−δ

N∑
i=1

βiψ
(
αix + c i

)
,

θN =
(
βi , αi , c i

)N
i=1

, 1
2 < δ < 1.

ηN = N2δ−1

dθNt
dt

= −ηN∇θI
k
(
VN

(
θNt ; x

))
dVN

t (x)

dt
=∇θV

N
(
θNt ; x

)
· dθ

N
t

dt

=− ηN∇θV
N
(
θNt ; x

)
· ∇θI

k
(
VN

(
θNt ; x

))
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Convergence in neurons

dVN
t (x)

dt
=− ηN∇θV

N
(
θNt ; x

)
· ∇θI

k
(
VN

(
θNt ; x

))

=−
〈
DI k

(
VN
t

)
,ZN

t (x , .)
〉
H1

0

dVt (x)

dt
=−

〈
DI k (Vt) ,Z (x , .)

〉
H1

0

ZN
t (x , y) =N−1

N∑
i=1

∇β,α,cβ
i
tψ

(
αi
tx + c it

)
· ∇β,α,cβ

i
tψ

(
αi
ty + c it

)
Z (x , y) =E

[
∇β,α,cβ

1
0ψ

(
α1
0x + c10

)
· ∇β,α,cβ

1
0ψ

(
α1
0y + c10

)]

Motivation Splitting method TDGF Training 16 / 20



Convergence in neurons

dVN
t (x)

dt
=− ηN∇θV

N
(
θNt ; x

)
· ∇θI

k
(
VN

(
θNt ; x

))
=−

〈
DI k

(
VN
t

)
,ZN

t (x , .)
〉
H1

0

dVt (x)

dt
=−

〈
DI k (Vt) ,Z (x , .)

〉
H1

0

ZN
t (x , y) =N−1

N∑
i=1

∇β,α,cβ
i
tψ

(
αi
tx + c it

)
· ∇β,α,cβ

i
tψ

(
αi
ty + c it

)

Z (x , y) =E
[
∇β,α,cβ

1
0ψ

(
α1
0x + c10

)
· ∇β,α,cβ

1
0ψ

(
α1
0y + c10

)]

Motivation Splitting method TDGF Training 16 / 20



Convergence in neurons

dVN
t (x)

dt
=− ηN∇θV

N
(
θNt ; x

)
· ∇θI

k
(
VN

(
θNt ; x

))
=−

〈
DI k

(
VN
t

)
,ZN

t (x , .)
〉
H1

0

dVt (x)

dt
=−

〈
DI k (Vt) ,Z (x , .)

〉
H1

0

ZN
t (x , y) =N−1

N∑
i=1

∇β,α,cβ
i
tψ

(
αi
tx + c it

)
· ∇β,α,cβ

i
tψ

(
αi
ty + c it

)
Z (x , y) =E

[
∇β,α,cβ

1
0ψ

(
α1
0x + c10

)
· ∇β,α,cβ

1
0ψ

(
α1
0y + c10

)]

Motivation Splitting method TDGF Training 16 / 20



Wide network limit

dVN
t (x)

dt
=−

〈
DI k

(
VN
t

)
,ZN

t (x , .)
〉
H1

0

dVt (x)

dt
=−

〈
DI k (Vt) ,Z (x , .)

〉
H1

0

ZN
t (x , y) =N−1

N∑
i=1

∇β,α,cβ
i
tψ

(
αi ,N
t x + c i ,Nt

)
· ∇β,α,cβ

i
tψ

(
αi ,N
t y + c i ,Nt

)
Z (x , y) =E

[
∇β,α,cβ

1
0ψ

(
α1
0x + c10

)
· ∇β,α,cβ

1
0ψ

(
α1
0y + c10

)]

Theorem

For any T > 0,

sup
0≤t≤T

E
[∥∥∥VN

t − Vt

∥∥∥
H1

0

]
N→∞−→ 0.
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Wide network limit

Theorem

lim
t→∞

∥Vt − w∗∥H1
0
= 0.

dVt (x)

dt
=−

〈
DI k (Vt) ,Z (x , .)

〉
H1

0

d(Vt − w∗) (x)

dt
=−

〈
DI k (Vt − w∗ + w∗) ,Z (x , .)

〉
H1

0

=− T̃ (Vt − w∗)(x)
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Convergence in time

Proof: limt→∞ ∥Vt − w∗∥H1
0
= 0.

T̃ is a self-adjoint, positive definite trace class operator. Spectral
decomposition:

T̃ (ẽi ) = λi ẽi ,

λ1 ≥ λ2 ≥ ... > 0, orthogonal basis {ẽi}∞i=1.

dhit
dt

:=
⟨d(Vt − w∗), ẽi ⟩

dt
= −

〈
T̃ (Vt − w∗), ẽi

〉
= −

〈
Vt − w∗, T̃ (ẽi )

〉
=− λih

i
t .

hit = e−λi thi0. Parseval’s identity:

∥Vt − w∗∥2 =
∞∑
i=1

(
hit
)2

=
∞∑
i=1

e−2λi t
(
hi0
)2 t→∞−→ 0.
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T̃ (ẽi ) = λi ẽi ,

λ1 ≥ λ2 ≥ ... > 0, orthogonal basis {ẽi}∞i=1.
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