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Option Pricing

∂u

∂t
−∇ · (A∇u) + b · ∇u + ru = 0

u(0, x) = Ψ(x)

f (t, x; θ) ≈ u(t, x)
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Heston model

dSt = rStdt +
√
VtStdWt S0 > 0

dVt = κ(θ − Vt)dt + η
√
VtdBt V0 > 0
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Deep Galerkin Method
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∂t
−∇ · (A∇u) + b · ∇u + ru = 0

u(0, x) = Ψ(x)

Minimize ∥∥∥∥∂u∂t −∇ · (A∇u) + b · ∇u + ru

∥∥∥∥2 + ∥u(0, x)−Ψ(x)∥2 .
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Algorithm: DGM

1: Initialize θ0.
2: for each sampling stage n = 1, ...,N do
3: Generate M random points (tm, xm) for training.
4: Calculate the cost functional L(θn; t, x) for the selected points.
5: Take a descent step θn+1 = θn − α∇θL(θn; t, x).
6: end for
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Time Deep Gradient Flow

∂u

∂t
−∇ · (A∇u) + b · ∇u + ru = 0

u(0, x) = Ψ(x)

• Divide [0,T ] in K intervals (tk−1, tk ] with h = tk − tk−1, U
0 = Ψ

Uk − Uk−1

h
−∇ ·

(
A∇Uk

)
+b · ∇Uk−1 +rUk = 0

3
2U

k − 2Uk−2 + 1
2U

k−1

h
−∇ ·

(
A∇Uk

)
+b ·

(
2∇Uk−1 −∇Uk−2

)
+rUk = 0

Motivation Methods Implementation Results 8 / 33



Time Deep Gradient Flow

∂u

∂t
−∇ · (A∇u) + b · ∇u + ru = 0

u(0, x) = Ψ(x)

• Divide [0,T ] in K intervals (tk−1, tk ] with h = tk − tk−1, U
0 = Ψ

Uk − Uk−1

h
−∇ ·

(
A∇Uk

)
+b · ∇Uk−1 +rUk = 0

3
2U

k − 2Uk−2 + 1
2U

k−1

h
−∇ ·

(
A∇Uk

)
+b ·

(
2∇Uk−1 −∇Uk−2

)
+rUk = 0

Motivation Methods Implementation Results 8 / 33



Time Deep Gradient Flow

∂u

∂t
−∇ · (A∇u) + b · ∇u + ru = 0

u(0, x) = Ψ(x)

• Divide [0,T ] in K intervals (tk−1, tk ] with h = tk − tk−1, U
0 = Ψ

Uk − Uk−1

h
−∇ ·

(
A∇Uk

)
+b · ∇Uk−1 +rUk = 0

3
2U

k − 2Uk−2 + 1
2U

k−1

h
−∇ ·

(
A∇Uk

)
+b ·

(
2∇Uk−1 −∇Uk−2

)
+rUk = 0

Motivation Methods Implementation Results 8 / 33



Time Deep Gradient Flow

∂u

∂t
−∇ · (A∇u) + b · ∇u + ru = 0

u(0, x) = Ψ(x)

• Divide [0,T ] in K intervals (tk−1, tk ] with h = tk − tk−1, U
0 = Ψ

Uk − Uk−1

h
−∇ ·

(
A∇Uk

)
+b · ∇Uk−1 +rUk = 0

3
2U

k − 2Uk−2 + 1
2U

k−1

h
−∇ ·

(
A∇Uk

)
+b ·

(
2∇Uk−1 −∇Uk−2

)
+rUk = 0

Motivation Methods Implementation Results 8 / 33



Time Deep Gradient Flow

Uk−Uk−1

h
−∇ ·

(
A∇Uk

)
+b · ∇Uk−1 +rUk = 0

Uk−4
3U

k−2 + 1
3U

k−1

2
3h

−∇ ·
(
A∇Uk

)
+b ·

(
2∇Uk−1 −∇Uk−2

)
+rUk = 0

I k1 (u) =
1

2

∥∥∥u−Uk−1
∥∥∥2 + h

(∫
1

2

(
(∇u)T A∇u + ru2

)
+

(
b · ∇Uk−1

)
udx

)
,

I k2 (u) =
1

2

∥∥∥∥u−4

3
Uk−1 +

1

3
Uk−2

∥∥∥∥2
+

2h

3

(∫
1

2

(
(∇u)T A∇u + ru2

)
+ b ·

(
2∇Uk−1 −∇Uk−2

)
udx

)
,

Motivation Methods Implementation Results 9 / 33



Time Deep Gradient Flow

Uk−Uk−1

h
−∇ ·

(
A∇Uk

)
+b · ∇Uk−1 +rUk = 0

Uk−4
3U

k−2 + 1
3U

k−1

2
3h

−∇ ·
(
A∇Uk

)
+b ·

(
2∇Uk−1 −∇Uk−2

)
+rUk = 0

I k1 (u) =
1

2

∥∥∥u−Uk−1
∥∥∥2 + h

(∫
1

2

(
(∇u)T A∇u + ru2

)
+
(
b · ∇Uk−1

)
udx

)
,

I k2 (u) =
1

2

∥∥∥∥u−4

3
Uk−1 +

1

3
Uk−2

∥∥∥∥2
+

2h

3

(∫
1

2

(
(∇u)T A∇u + ru2

)
+ b ·

(
2∇Uk−1 −∇Uk−2

)
udx

)
,

Motivation Methods Implementation Results 9 / 33
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Algorithm: TDGF

1: Initialize θ00.
2: Set f 0(x; θ) = Ψ(x).
3: for each time step k = 1, . . . ,K do
4: Initialize θk0 = θk−1.
5: for each sampling stage n = 1, ...,N do
6: Generate M random points xm for training.
7: Calculate the cost functional Lk(θkn ; x) for the selected points.
8: Take a descent step θkn+1 = θkn − α∇θL

k(θkn ; x).
9: end for

10: end for
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Architecture

X 0 = σ1
(
W 0x+ b0

)
,

X l = σ1

(
W lX l−1 + b1

)
, l = 1, . . . , L,

f (x; θ) =
(
S − Ke−rt

)+
+ σ2

(
WX L + b

)
,

(
W 1, b1

)
∈
(
RD×d ,RD

)
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Parameters

(
W 1, b1

)
∈
(
RD×d ,RD

)
(
W l , bl

)
∈
(
RD×D ,RD

)
(W , b) ∈

(
R1×D ,R

)
θ =

(
W 1, b1,W l , bl ,W , b

)
, l = 1, ..., L

• L: layers

• D: nodes per layer
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Sampling stages: TDGF, BS

(a) Linear scale (b) Logarithmic scale
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Sampling stages: TDGF, Heston

(a) Linear scale (b) Logarithmic scale
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Sampling stages: DGM, BS

(a) Linear scale (b) Logarithmic scale
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Sampling stages: DGM, Heston

(a) Linear scale (b) Logarithmic scale
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Samples: TDGF, BS

(a) Linear scale (b) Logarithmic scale
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Samples: TDGF, Heston

(a) Linear scale (b) Logarithmic scale
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Samples: DGM, BS

(a) Linear scale (b) Logarithmic scale
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Samples: DGM, Heston

(a) Linear scale (b) Logarithmic scale
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Layers: TDGF, BS

(a) Linear scale (b) Logarithmic scale
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Layers: TDGF, Heston

(a) Linear scale (b) Logarithmic scale
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Layers: DGM, Heston

(a) Linear scale (b) Logarithmic scale
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Nodes per layer: TDGF, BS

(a) Linear scale (b) Logarithmic scale
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Nodes per layer: TDGF, Heston

(a) Linear scale (b) Logarithmic scale
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Nodes per layer: DGM, BS

(a) Linear scale (b) Logarithmic scale
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Nodes per layer: DGM, Heston

(a) Linear scale (b) Logarithmic scale
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Time steps, BS

(a) Linear scale (b) Logarithmic scale
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Time steps, BS

(a) Linear scale (b) Logarithmic scale
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Conclusion

Parameter Accuracy Training time

Sampling stages
Samples - ×
Layers
Nodes per layer - ×
Time steps
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